We reconstruct an f (R) gravity model that gives rise to the particular ΛCDM background evolution of the universe. We find well-defined, real-valued analytical forms for the f (R) model to describe the universe both in the early epoch from the radiation to matter dominated eras and the late time acceleration period. We further examine the viability of the derived f (R) model and find that it is viable to describe the evolution of the universe in the past and there does not exist the future singularity in the Lagrangian.
I. INTRODUCTION
Cosmological observations from supernovae [1] , BAO [2] and CMB [3] indicate that our universe is undergoing a phase of accelerated expansion. Understanding the nature of the cosmic acceleration is one of the biggest questions in modern physics. This acceleration is believed to be driven by a so called dark energy (DE) in the framework of Einstein's general relativity. The simplest explanation of such DE is the cosmological constant. However, the measured value of the cosmological constant is far below the prediction of any sensible quantum field theories and furthermore the cosmological constant leads inevitably to the coincidence problem, namely why the energy densities of matter and the vacuum are of the same order today(see [4] for review).
Alternatively, the acceleration can be explained by modifying the gravity theory. The theory of general relativity might not be ultimately correct on cosmological scales. One of the simplest attempts is called f (R) gravity, in which the scalar curvature in the Lagrangian density of Einstein's gravity is replaced by an arbitrary function of R. However the complexity of the field equations makes it difficult to obtain a viable f (R) model to satisfy both cosmological and local gravity constraints [5] . Recently, there appeared a useful approach to reconstruct the f (R) model by inverting the observed expansion history of the universe to deduce what class of f (R) theories give rise to the particular cosmological evolution [6] [7] [8] [9] [10] [11] [12] . Some analytical forms for f (R) gravity that admit the ΛCDM expansion history in the background spacetime were constructed [9] [10] [11] . However, it was argued that only a simple real-valued expression of f (R) model in the Lagrangian could admit an exact ΛCDM expansion history [10] .
In this paper, we will further study this problem. We will perform a number of explicit reconstructions which lead to a number of interesting results. We will show that we can derive a well-defined real-valued analytical f (R) in terms of the hypergeometric functions to admit an exact ΛCDM expansion history. We will explicitly show that the f (R) gravity not only can admit an exact ΛCDM expansion in the recent epoch of the universe but also can admit an exact ΛCDM expansion in the early time of the universe. We will also discuss the physical boundary conditions for these constructions.
This paper is organized as follows: In section II, we review the background dynamics of the universe in the f (R) gravity and present the well-defined, real-valued analytical f (R) forms that can exactly reproduce the same background expansion as that of the ΛCDM model from the radiation dominated epoch to the matter dominated epoch. In section III, we present the explicit form for a f (R) model that can mimic the evolution of the universe from the matter dominated epoch to the late time acceleration. We will also discuss the physical boundary conditions and viability for these models. In section IV, we will summarize and conclude this work.
II. THE TRANSITION FROM THE RADIATION DOMINATED EPOCH TO THE MATTER DOMINATED ERA
We work with the 4-dimensional action in the f (R) gravity [13] 
where κ 2 = 8πG and L (m) is the Lagrangian density for the matter field. We consider a homogeneous and isotropic background universe described by the flat Friedmann-Robertson-Walker(FRW) metric
The background dynamics of the universe in f (R) gravity is given by [13] 
where
∂R . If we convert the derivative from the cosmic time t to x = ln a and further take the derivative of the above equation, we obtain
For convenience, we take the energy density ρ and the scalar curvature R in Eq.(4) in the unit of H 2 0 and we also set κ 2 = 1 in our analysis. In order to get a viable f (R) model with a reasonable expansion history of the universe allowed by observations, we can parameterize E(x) in Eq. (4) 
After specifying the expansion history of the universe E(x), Eq.(4) becomes a second order differential equation of F (x). If we can find the solution of Eq. (4), we then obtain the explicit form of f (R) correspondingly. We find that it is more convenient to use the quantity G = F − 1 instead of F , so that Eq.(4) can be changed into
If we want to mimic the exact ΛCDM expansion history of the universe w = −1, Eq. (8) is a homogenous equation. We will focus on this case hereafter and show that the solution of the above differential equation will directly lead to the real-valued f (R) form which gives rise to the cosmological evolution as that of the ΛCDM model. Eq. (8) does not have an analytical solution to describe the universe from the radiation dominated epoch to the late time acceleration with the full expression of Eq. (6) . However, Eq.(8) does have analytical solutions in different epochs in the evolution of the universe. Let's first concentrate on the early evolution of the universe from the radiation dominated epoch to the matter dominated epoch. In this case, E can be taken as
and the general solution of Eq. (8) has the form
where G 22 22 is the Meijer G function, 2 F 1 is the Gaussian hypergeometric function and C 1 , D 1 are arbitrary constants which can be determined by boundary conditions.
The indexes in the solutions are
The viable f (R) models should be of the "chameleon" type [14] [15] which provides a mechanism to pass the local test. However, the first term of Eq. (9) is divergent when x goes to minus infinity. Thus the requirement lim x→−∞ G(x) = 0 puts the condition C 1 = 0, so that G 1 (x) turns out to be
We can obtain the explicit form for the f (R) model to describe the early universe by doing the integration
where the scalar curvature R can be written as
which only contains the component of matter because the radiation does not have any contribution to the scalar curvature R since its energy momentum tensor is traceless. Eq. (12) is valid during the expansion history of the universe from the radiation dominated epoch to the deep matter dominated epoch. The term dR dx in Eq. (11) thus can be expressed as
where x, in turn, can be presented in terms of R
When x goes to minus infinity x → −∞, R goes to infinity R → +∞. Combining the above equations, we obtain the explicit expression for f (R) as
where f 1 (R) and R are in the unit of H 2 0 . The additional constant C I arises from the indefinite integral of Eq. (11) . When D 1 = 0, f 1 (R) should go back to the standard Einstein's gravity, namely f 1 (R) = R, such that the constant of integration C I in Eq. (14) vanishes. Eq. (14) is mathematically well-defined for all positive values of the scalar curvature R > 0 because the hypergeometric function 2 F 1 [a, b; c; z] has the integral representation on the real axis when b > 0 and c > 0
where Γ is the Euler gamma function. The above expression is well-defined in the range −∞ < z < 1 and the resulting value of 2 F 1 [a, b; c; z] is also a real value. In order to present the f (R) in SI units, we can insert Eq. (7) and then we obtain
where ρ 0 r and ρ 0 m are the energy density of radiation and matter at today respectively. R 0 is the scalar curva-
Eq. (16) shows that we have the well-defined real analytical function for f (R) gravity that can exactly reproduce the same background expansion as that of the ΛCDM model from the radiation dominated epoch to the matter dominated epoch.
At the very early time of the universe, when the universe is dominated by the radiation and the curvature is very high R ≫ 4Λ, we have
Eq. (16), thus, reduces to
The above expression is just the f (R) model which can exactly recover the same radiation dominated expansion history of the universe as that of the LCDM model. Eq. (18) is consistent with the result obtained from Eq. (8) by setting E 1 ∼ Ω 0 r e −4x directly. When the universe evolved from the radiation dominated epoch to the matter dominated era, we have
since e (16), can be expanded around z = +∞ as,
2 ) Γ( (20) and Eq. (16), thus, reduces to
and ξ 1 is given by
.
(22) Eq. (21) is consistent with the result obtained from Eq. (8) by setting E 1 ∼ Ω 0 m e −3x directly, which represents the f (R) model that can mimic the LCDM expansion history of the universe in the matter dominated phase.
III. THE TRANSITION FROM THE MATTER DOMINATED EPOCH TO THE LATE TIME ACCELERATION ERA
Next we turn to investigate the most interesting case that the f (R) model can mimic the evolution of the universe from the matter dominated epoch to the late time acceleration. In this case, E can be taken as
where Ω 0 d is a constant. The scalar curvature can be presented as
The general solution of Eq. (8) gives
where the indexes are
After doing the integration, we can get the explicit expression for f (R) from Eq.(11)
The constant of integration C I should be chosen as 6Ω (7), we obtain
The constant parameter Λ is defined as Λ ≡ κ 2 ρ d and ρ d is the effective energy density of dark energy. When ̟ 1 = ̟ 2 = 0, Λ is just the cosmological constant. Noting the fact that p − − 1 < 0, when R → +∞, the last term of Eq.(26) becomes divergent. This is not allowed for the "chameleon" type solution, so that we need to set ̟ 2 = 0. Therefore the solution has the form
From the integral representation of the hypergeometric function Eq. (15), it is clear that Eq. (27) is mathematically well-defined in the range R > 4Λ. Eq. (27) is a real function in the physical range from the matter dominated epoch to the future expansion of the universe. In the matter dominated phase R >> 4Λ, 2 F 1 goes back to the unity and Eq.(27) can be approximated as
which is consistent with Eq. (21). By comparing the coefficient of the above equation with Eq. (21), we can obtain the relation between D 1 and D 2 as
Eq.(8) is our starting point to find the analytic expression for the f (R) model to mimic the ΛCDM cosmology. From Eq.(23), we can see clearly that the scalar curvature R obtained from Eq. (8) can be constrained automatically in the physical range R > 4Λ. Our starting point is different from that in [9] [10] [11] , where they got their solution by solving the differential equation [9] [10] [12] [11] 
Therefore, we only focus on the homogenous solutions of Eq.(30) hereafter since f (R) = f p (R) − f h (R). The homogenous part of Eq. (30) is a standard hypergeometric equation which may have at most 24 solutions in the complex plane around three different singular points(R = ∞, 3Λ, 4Λ) [16] . However, if we focus on real solutions, Eq.(30) may have at most 32 solutions on the real axes around four different singular points R = −∞, 3Λ, 4Λ, +∞ . We will extensively discuss all of these solutions in the following.
The solution around +∞ reads,
The above expression is just Eq. (26) which is the physical solution of Eq.(30). We can see clearly that when R → +∞, f h (R) is well-defined on the real axes and actually f h (R) is a real function for the whole range of R > 4Λ as discussed previously. R = 4Λ is a finite point because lim R→4Λ f h (R) is a finite value. However, the derivatives d dR f h (R) of all the terms in the above expression are divergent at R = 4Λ.
The solution around −∞ reads
This expression was obtained in [9] . This solution is welldefined when R → −∞. It is a real function when R < 3Λ. However, it becomes complex when R > 3Λ. R = 3Λ is a finite point. f h (R) and its derivative d dR f h (R) are well defined at R = 3Λ. Clearly Eq. (33) is not a physical solution, it can not satisfy Eq. (8) .
The solution around 3Λ reads,
where α ± = (−7 ± √ 73)/12 and β ± = (11 ± √ 73)/12. The above solution was derived in [10] [11] . f h (R) and its derivative d dR f h (R) are well-defined on the finite singular point R = 3Λ. When R > 4Λ or R < 3Λ, the second term of Eq.(34) becomes complex. However, in contrast to what was claimed in [10] , when R > 4Λ the homogenous part of Eq.(30) do have the real analytical solution, namely Eq.(32).
The solution around 4Λ reads,
Clearly the above solution is well-defined on the finite singular point R = 4Λ and the solution is valid for R ≥ 4Λ. It is a solution in the physical range and satisfies Eq. (8 (35) are divergent when R goes to infinity. However, their linear combination, namely, the term in Eq. (27) is convergent when R → +∞. Therefore, even for equivalent results, we should carefully choose the proper expressions according to boundary conditions at singular points.
Using the Euler transformation and Pfaff transformation, from Eqs. (32, 33, 34, 35) , we can find out all the 8 × 4 = 32 real solutions for Eq.(30). Eqs. (32, 33, 34, 35) complete the different behaviors at different singular points for the solutions of Eq.(30). Although Eqs.(32, 33, 34, 35) are substantially different on the real axes, when extended to the complex plane, Eqs. (32, 33, 34, 35) are equivalent to each other because they can be related by connection formulas. However, for different expressions, they have different behaviors at the singular points. We should be very careful to choose the proper expressions according to different boundary conditions. The physical solutions for f (R) models to describe the universe should be well-defined in the range R > 4Λ and possess the "chameleon" property lim R→+∞ f h (R) = 0, lim R→+∞ d dR f h (R) = 0. The only physical solution is the "chameleon" part of Eq.(32)(̟ 2 = 0), namely Eq.(27). The result obtained from Eq.(30) has bigger range in the solutions than that obtained from Eq. (8) . We need to pick the physical solution very carefully. It is more convenient to start from Eq.(8) to find physical solutions.
Having the well-defined analytical expression for f (R) model, we will further discuss its viability. Combining f 1 (R) and f 2 (R), it covers the entire expansion history of the universe from the radiation dominated epoch to the future expansion. However, we need to point out that the model f 2 (R), itself, is independently valid for the entire expansion history of the universe since in the very early time of the universe, we have f 1 (R) ∼ f 2 (R) ∼ R. Therefore, in the next discussion, we will only focus on f 2 (R).
In order to evade the instabilities of the f (R) model, we require that F > 0 and f RR > 0 [13] [17] . From  Fig.(1) and Fig.(2) , we can see that when D 2 < 0, in the past expansion of the universe x < 0, we have F 2 (R) > 0, f 2RR (R) > 0 so that the model f 2 (R) is viable in the past. However, for the future expansion of the universe, the condition D 2 < 0 can not guarantee F 2 (x) to be always positive. The zero-crossing behavior will lead to singularities in the conformal transformation [18] and the negative F will lead to the imaginary mass of particles m = m/ √ F in the Einstein frame [13] [19] . Furthermore, we can see from Fig.(1) and Fig.(2) that, when x → +∞ or R → 4Λ, the derivative of f (R), namely,
Although the expression of f 2 (R) has such weakness in the future evolution of the universe in the Einstein frame, f 2 (R) does not have the future singularity in the Lagrangian in the Jordan frame because f 2 (R) is finite at R = 4Λ. The future point happens at
and
when ̟ < 0, we can find that f 2 (4Λ) > 2Λ.
IV. CONCLUSIONS
In summary, in this work we have constructed an f (R) gravity model that mimics the ΛCDM universe expansion in both the early and late epochs. We found that there exists a real-valued function for the Ricci scalar in terms of hypergeometric functions which can give rise to the particular cosmological evolution of the ΛCDM model. Although the constructed f (R) model has weakness in describing the future expansion of the universe in the Einstein frame, in the Jordan frame it is viable to describe the past evolution of the universe and it does not have the future singularity in the Lagrangian.
The fact that the Lagrangian is well-defined demonstrates that this family of f (R) models are no longer just simply phenomenological models, but the field equations instead can be deduced from the principle of least action. Furthermore, when w 1 = 0, the constant Λ in Eq.(27) cannot be explained as the energy density of the vacuum and the model does not suffer the cosmological constant problem even though it has the same background expansion of the universe as the ΛCDM model. For the background evolution of the universe, we cannot distinguish these f (R) models from general relativity. However, we can distinguish them at the cosmological perturbation level since the f (R) gravity introduces an extra scalar degree of freedom which has significant impact on perturbation equations. The constraints from observations at linear perturbation level for the f (R) model have been presented in our companion work [20] . However, it would be more interesting to investigate the nonlinear behavior in f(R) gravity using N-body simulations. The analytical functional form of f (R) plays a vital role in N-body simulations, which is a subject of our future work.
